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Abstract. We prove a wall crossing formula of Donaldson-Thomas type in- 
variants without Chern-Simons functionals. 

1. Introduction 

A wall crossing formula refers to the change of invariants of moduli spaces when 
they undergo birational transformations, like the variation of moduli spaces of stable 
sheaves when the stability condition changes. Wall crossing formulas were investi- 
gated extensively for the Donaldson polynomial invariants of surfaces in the 1990s 
by several groups, including Friedman-Qin [B], Ellingsurd-Gottsche [S] and Matsuki- 
Wentworth [17 . At that time, the notion of virtual cycle had not been discovered 
and wall crossing formulas were worked out largely for smooth moduli spaces. Wall 
crossing formulas involving virtual cycles were taken up by T. Mochizuki |18| in 
his work on higher rank Donaldson polynomial invariants of surfaces. All these 
approaches use Geometric Invariant Theory (or GIT for short) flips discovered by 
Dolgachev-Hu and Thaddeus [H [23] , relying on that the moduli spaces of sheaves 
are constructed using GIT [71IT61I2T]. 

For a Calabi-Yau three-fold S, the moduli space of stable sheaves with fixed 
Chern classes is equipped with a symmetric obstruction theory; the degree of its 
virtual fundamental class defines the Donaldson-Thomas invariant of S. In (1_01 
Thm. 5.9] , using the existence of local Chern-Simons functionals^ Joyce-Song prove 
a wall crossing formula in case the stability crosses a wall (cf. Definition l2.1|) . Here 
a local Chern-Simons functional refers to a function / defined on a smooth Y such 
that the vanishing of df defines the germ of the moduli space and its symmetric 
obstruction theory. By using Hall algebras and breaking the moduli spaces into 
pieces, they define generalized Donaldson- Thomas invariants for arbitrary Chern 
classes and find formulas comparing them. 

Recently, the study of moduli of stable sheaves has been extended to moduli of 
stable objects in the derived category I?'' (Cobs') of bounded complexes of coherent 
sheaves. In general, the study of moduli of complexes of coherent sheaves or objects 
in the derived category cannot be reduced to the study of sheaves, and the existence 
of local Chern-Simons functionals is not known. Therefore, in order to extend the 
wall crossing formulas to moduli of stable objects in the derived category, a new 
method is required. 

In this paper we develop a new method for wall crossing formulas of Donaldson- 
Thomas type invariants without relying on Chern-Simons functionals. Our method 
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is not motivic and does not use Behrend's function. Instead we perform a C*- 
intrinsic blow-up to resolve the issue of infinite stabilizers, construct an auxiliary 
space (called the master space) that captures the wall crossing phenomenon, and 
apply the virtual localization formula [8j and our reduction technique 

We now outline our results. We let Ai — [X/C*] be the quotient of a separated 
C*-equivariant Deligne-Mumford (or DM for short) stack X equipped with an equi- 
variant symmetric obstruction theory (Definition I2.11|) . Suppose A4 contains two 
open dense substacks M± — [X±/C*] that arc separated proper DM-stacks. The 
equivariant symmetric obstruction theory of X induces symmetric obstruction the- 
ories of Af±. By [l][T3], the symmetric obstruction theories provide their respective 
(dimension 0) virtual cycles [M±]^"'. The wall crossing formula measures the dif- 
ference deg[A/+]^''' - deg[M_]^"'. 

Taking the C*-fixed part of the symmetric obstruction theory along the fixed 
point locus X'^ , we have an induced symmetric obstruction theory on X*' . We 
let its zero dimensional virtual fundamental class be 

r 

[X^'r = E ""kiPk]; Pk e X^\ Ok e Q. 

k=l 

Theorem 1.1. Suppose M± C M is a simple flip fDefinition \2.2\) and M = [X/C*] 
has a symmetric obstruction theory ( Definition \2.1l\ ). Suppose further that X can 
be embedded C* -equivariantly into a smooth DM-stack (8, Appendix C]). Then 

deg[M+]™ - deg[M_]™ = ^ a^. • A^; A, = (-l)»'»-i ^ n^Jj, 

k j 

where rikj is the dimension of the weight j part of the Zariski tangent space Tx,p^. 
and nk = J2j ""-k.j ■ 

In case A^ = A zs independent of k, then 

deg[M+]^"- - deg[M^Y'^ = A • deg[X^*]^"-. 

We comment that the proof does not require the existence of local Chern-Simons 
functionals. 

Our proof goes as follows. We first construct a C*-intrinsic blow-up X oi X 
along X'^ and show that the quotient [X/C*] has an induced perfect obstruction 
theory. We then construct a master space Z for X, analogous to that in [57 and 
apply the localization by cosection technique [11! to construct a reduced virtual 
fundamental class of Z . Applying the virtual localization formula of [8] to Z , we 
obtain Theorem ll.il 

It is worthwhile to comment on the assumptions of Theorem 11.11 As shown 
below, the existence of X is assured in quite a general setting. But embedding 
X C*-equivariantly into a smooth DM-stack seems restrictive. In two occasions 
of the proof we use this assumption; one is constructing the obstruction theory 
of the C*-intrinsic blow-up, the other is applying Graber-Pandharipande's virtual 
C*-localization theorem. 

Here is what we plan to do to remove this technical assumption in the near 
future. Firstly, we intend to develop a local obstruction theory that consists of an 
etale atlas Ua ^ X, obstruction theories 7]a : F* — > hjj^, and compatibility of the 
obstruction theories over Uap = Ua Xx Up. Such a theory is known to the experts, 
and the usual tools on virtual cycles apply. This seems necessary since it is hard to 
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construct a global universal family of the moduli stack of derived category objects. 
Secondly, we intend to prove the C*-localization theorem in the setting of local 
obstruction theory. This seems to require more efforts, but should be achievable in 
the near future. 

In light of this, in this paper we also prove some technical results aimed at 
proving the following generalization. 

Conjecture 1.2. Theorem \l.l\ holds true without assuming the existence of a C*- 
equivariant embedding of X into a smooth DM-stack. 

We now comment on how Theorem II . II applies toward a wall crossing formula of 
Donaldson- Thomas invariants of moduli of derived category objects over a Calabi- 
Yau three-fold S. Let t± be two stability conditions crossing a simple wall tq 
(Definition 12. ip : let Ai be the moduli stack of Tg-semistable objects. We con- 
struct a separated DM-stack X parameterizing pairs {E,a), where E € A4 and 
cr : L{E)'^C for some 1-dimensional vector space L{E) associated to E. Scal- 
ing (7 with elements in C* makes X a C*-equivariant stack. Then = [X/C*], 
while the moduli stacks of r±-stable objects are open substacks M± — [X±/C*] 
for two open substacks X± C X (cf. Proposition 12. 9p . Because Conjecture 1.2 is 
not proved yet, we suppose that X equivariantly embeds into a smooth DM-stack. 
This condition is always satisfied when Ai is constructed as a GIT quotient. In 
particular, our results apply directly to the moduli of sheaves or stable pairs. We 
show in Lemma l2. 131 that X has a C*-equi variant symmetric obstruction theory. It 
is now immediate to deduce the following wall crossing formula from Theorem ll.il 

Corollary 1.3. Let t± be two stability conditions crossing a simple wall tq (Defi- 
nition 1^77]) ; let A4 be the moduli stack of TQ-semistable objects D^(Coh5') with the 
same fixed Chern classes, and let M± G M be the moduli stacks of t±- stable ob- 
jects. Suppose M± C A4 is a simple wall crossing of each other (cf. DeRnition \2.1\} . 
Suppose the DM stack X constructed in Provosition \2. 9\ embeds C* -equivariantly in 
a smooth DM stack. Suppose further that Ext~~^{E, E) = for all E E A4. Then 

deg[M+]™ - deg[Af_]™' = (_i)x(Bi,S2)-i . ^{Ei,E2) ■ deg[Mi]™ • deg[M2]™, 

where Ei G Mi, Mi are the moduli stacks specified in Definition \2. H and y( E^ . E2) = 
X;(-l)'dimExt'(Si,£:2). 

In §2, we show that a simple wall crossing M± C M in D''(CohS') is described 
as a simple flip [X±/C*] C [X/C*]. In §3, we construct an intrinsic blow-up of 
C*-quoticnts and study the induced perfect obstruction theory. In §4, we construct 
the master space and in §5, we apply the virtual localization formula of [8] to obtain 
Theorem II. II and CoroUarv 11.31 by careful local calculations. In the Appendix, we 
discuss an analogous wall crossing result for non-symmetric obstruction theories. 

2. Donaldson-Thomas invariants and wall crossing 

In this section, we explain how a simple wall crossing (Definition 12. ip can be 
described by a simple fiip (Definition [2T2]) in a global C* quotient equipped with an 
equivariant obstruction theory. In later sections, we will work out a wall crossing 
formula for simple flips. 
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2.1. Simple wall crossing. In this paper, we fix a smooth projective Calabi-Yau 
three-fold S. Let tq be a stability condition in some abelian subcategory Ao of the 
derived category £'''(Coh(5')) of bounded complexes of coherent sheaves. Let M be 
the moduli stack of ro-semistable objects, with fixed Chern classes. By tensoring 
with some power of Os(l) if necessary, we may assume x{E) ^ for i? G M. 

Let T± be nearby stability conditions of tq and let M± be the moduli stack 
of T±-stable objects. In this paper, we consider the following case of simple wall 
crossing. 

Definition 2.1. We say M_|_ is obtained from M_ by a simple wall crossing in Ai 
if the following conditions are satisfied: 

(1) Strictly ro-semistable objects E (i.e. semistable but not stable) in M have 
gr{E) = El® E2 with Ei e Mi and E2 e M2, where Mi are the moduU 
stacks of To-stable objects of Chern classes equal to c(Ei). Further, both 
Ml and M2 are proper separated DM-stacks; 

(2) the factors Ei e Mi in (1) satisfy x(-^i) = x{E2); there is a B e K{S) such 
that x{Ei ®B)^ x{E2 ® B); 

(3) r+-stable (resp. T_-stable) objects are either ro-stable or non-split exten- 
sions of E2 by El (resp. Ei by E2) for some strictly ro-semistable objects 
El ® E2 with El e Ml and E2 e M2; 

(4) M± arc proper separated DM-stacks. 

It is immediate that M± are open substacks of M.. The wall crossing formula 
compares the degrees of the virtual fundamental classes of M_|_ and M_ . 

We remark that part of the Definition requires that all elements in Mi (resp. 
M2) have identical Chern classes c{Ei) (resp. c{E2))- The case where the wall 
crossing occurs at different c{Ei) and 0(^2) can be treated the same way since 
then Ml and M2 splits to pairs (Mi_j, M2j), where elements in Mi_j and M2J have 
identical Chern classes. 

2.2. Simple flip. In this subsection, we introduce our geometric set-up for simple 
wall crossing. Let X be a separated Delignc-Mumford stack of finite type acted on 
by C*. Let M = [X/C*] be the quotient stack. 

Let X*' denote the fixed point locus in X. We let Xq C X — X"^ be the open 
substack of x e X so that the orbit C* • x is 1-dimensional and closed in X, and let 

^l^{xeX -XqUX^' I lim a^^ - xe x^'}. 

We then form 

(2.1) S± = E^UX^*, 
which are C*-invariant, and let 

(2.2) X±=X -E^cX, M±^[X±/C*]cM^[X/C*]. 

Definition 2.2. We say that the pair M± = [X±/C*] C 7W is a simple flip if the 
following hold: 

(i) The fixed locus X"^ is a proper DM-stack; 

(ii) S-t arc closed in X: 

(iii) both M± =^ [X±/C*] are proper separated DM-stacks; 

(iv) the pair X± c X satisfies the Simpleness Condition stated below. 
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We first fix our convention on discrete valuation rings and their finite extensions. 
Let i? be a discrete valuation ring. We always denote by K its field of fractions; 
^ and ^0 be the generic and closed points of Speci?. When i? D i? is a finite 
extension, we denote by K, ^ and the corresponding field of fractions, the generic 
point and the closed point. We let C and C be uniformizing parameters of R and 
R, respectively. We denote by t{R) the ramification index of i? D i?; namely, 
C = 7 ■ (■'(■'^' for an intertible j E R. In case / : Speci? — s- X is a morphism, 
we denote by / : Speci? — > X the composite Speci? — ?> Speci? — ^ X. Given 
g : Specif C*, we denote by 5 • / : Specif — > X the morphism induced by the 
C*-action on X. 

Simpleness Condition 2.3. Let R be a discrete valuation ring over C. Let /+ : 
Speci? — >■ X; let g : Specif C* be of the form g*(t) — a ■ C,"" for an invertible 
a G i? and a > 0. Then the following hold: 

(a) Suppose f+{^) G Xq, f+{£,o) S S!^, and g ■ f+ : Specif Xq extends to 
/- : Speci? X so that /_(^o) G Then there is a finite extension 
R D R such that for any invertible (3 E R and any integer < b < i{R) ■ a, a 
morphism h : Spec if — ^ C* of the form h*{t) — (3 ■ C}' has the property that 
h-f+- Spec if ^ Jf extends to (h ■ /+)~ : Spec R^ X with (h ■ /+)'"(|o) S 

(b) Suppose /+ : Speci? — > Then possibly after a finite extension R D R, 
g ■ f+ ■ Specif — >■ extends to {g ■ /+)~ : Speci? — > such that 

{g ■ f+nio) e x^' . 

(c) Both (1) and (2) hold with"+" replaced by"—", a > replaced by a < 0, 
and < 6 < i{R) ■ a replaced by i{R) ■ a < b < 0. 

Example 2.4. Let V+,VL,Vb be vector spaces on which C* acts with weights 1, 
-1, and respectively. Let V = V+ x Vq x V- a.-nd X = FV - {¥V+ U Py_). Then 
Y.±^V±(g> Ovvoi^) and X±=¥V - ¥{Vo x V^). Hence M+ = PV+ x ¥{Vo x V-) 
and M_ = ¥V- x P(Vb xV+). 

Suppose in addition that AI± have symmetric obstruction theories. Since M± 
are smooth, their virtual cycles [M-t]'^"' are equal to the Euler classes e(f2M±)- 
Therefore the wall crossing formula is 

deg[M+]™ - deg[M_]™- = - n_) • deg[X^']™, 

where n± = dimV± is the dimension of the ±l-weight space in the normal space 
to X^' in X. 

Example 2.5. ([22]) More generally, suppose there is a C*-equivariant separated 
proper scheme W such that 

X -{xeWl Mm t-xe F+} -{xeWl Wmt-xe p-} 

t-s-oo t—fO 

where are parts of a partition ~ F+ U U F° of the fixed point set 
of W, satisfying 

(1) if u ^ u and v E F+, u E F+; 

(2) if M ^ and u E F^ , then v E F~; 

(3) a u^v and v E then u E F+; 

(4) ii u^v and u E i^°, then v E F^ , 
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with respect to the ordering ^ defined as fohows: For x,y € , x < y ii there 
exists a sequence xi, - • ■ ,Xn G W such that 

hm t ■ xi — X, hm t ■ Xn = v, hm t ■ Xh = hm t ■ Xh+i, Vfc. 

i-s-O t-i-oo t-s-oo t-fO 

Then Af± — [X±/C*] is a simple flip. The proof of the simpleness condition is 
essentially contained in [221 Theorem 11.1]. Notice that all GIT C*-flips are special 
cases of this example. 

2.3. Simple wall crossings and simple flips. In this subsection, we investigate 
a case where a simple wall crossing of moduli of derived category objects is a simple 
flip. 

Let M± C be a moduli of semistable derived category objects as in Deflnition 
12.11 We first show that A4 can be written as a global C* quotient of a separated 
DM-stack X. Fix B e K{S) that distinguishes elements in Mi and M2, as stated 
in Definition 12.11 

Definition 2.6. For E e M, let 

L{E) :=deti?r(£;®B)>^(-^) ■ det Rr{E)-^'^^^^\ 

where deti?r(£;) = (g,^{A*°PH'{E))(■-^y . 

Observe that ii E — Ei (B E2 is strictly TQ-semistable, then any ip £ Aut(i?)/C* 
(= C*), where C* < Aut(£') is the subgroup C* -ids, has a representative A-id^^ © 
A^^ • idsj. The weight of this circle action on L{E) is 

(2.3) {x{Ei B) - xiE2 ® B)) ■ x{E) + 0. 

Note that by assumption, x{E) = 2xiEi) = 2x{E2) ^ 0. 

Note that the ordering of Mi and M2 is determined by the choice of and t_ 
according to Definition 12.11 Thus by interchanging r_|_ and r_ if necessary, we may 
and will assume > 0. 

Definition 2.7. Two pairs (£'i,(Ti) and (£'2, 172) where (Ji : L{Ei) -^C, are iso- 
morphic if there exists a. Lp : Ei E2 such that CT2 o L{ip) = ci. 

The automorphism group Aut(£',cr) of such a pair {E,a) is the group of all 
isomorphisms from {E,a) to itself. Obviously, C* • ids < Aut(i?, cr). 

Lemma 2.8. Aut{E, a)/C* - ids is a finite group. 

Proof. Unless E = Ei (B E2, the quotient group is trivial. When E = Ei ® E2, any 
A • id_Bi ® -^"^ ■ ^^E2 should satisfy A" = 1 with v defined in (|2.3p . Hence the group 
is finite. □ 

Proposition 2.9. Let M± C Ai be as in Definition \2.1\ and suppose for E E A4 
Ext^-^{E,E) = 0. 

(1) The groupoid X of families of pairs {E,a) of E £ Ad and a : L{E) = C is 
a separated DM-stack with a strict representabl^ C* -action by t ■ [E, a) = 
(E, ta); the fixed point locus is Mi x M2 ~ {{Ei ©£^2,0") \Ei e Mi}/ 

(2) M ^ [X/C*]; let X± C X be as defined in then M± ^ [X±/C*]. 

(3) The pair M± = [X±/C*] is a simple flip (Definition \2.2\) . 



^The strictness is defined in 1201 : the C*-action is representable if the multiplication morphism 
C* X X — f is representable. 
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Proof. By 14 , A4 is an Artin stack locally of finite presentation. The relative 
version of the construction of L{E) from E shows that X is an Artin stack. Since 
every {E, ct) G AT has finite stabilizer, X is actually a DM-stack by slice argument. 
The strictness and the representable property of the C*-action follows directly from 
the construction. 

It follows from the property of stability and from Definition 12.11 that X^ consist 
of El (B E2, Ei £ Mi. We now prove that {E, a) G X± if and only if E is r±-stable. 
For this, we need a description of S^. 

Let E G M_|_ be r_|_-stable but not rp-stable. By Definition l2.11 E is a. non-trivial 
extension of an E2 & M2 by an Ei S Mi. Let a G Ext^ (i?2, -Ei) be the extension 
class of the distinguished triangle Ei ^ E ^ E2 Let G be the origin; let 
e G r(C'Ai(0)) be the image of 1 G T{Oj^i) C r(OAi(0)). Then e vanishes simply at 
G Let ps and p^i be the projections of 5 x A^. Then 

a • e G Ext^^Aibs^2 ®p1iOai(-0),pS^i) = Ext\E2, Ei) (^T{Oj,i{0)) 

defines an £ G D''(Coh(S' x A^)) that fits into the foUwoing diagram of distinguished 
triangles 



(2.4) 



P*sEi 



£ 



p*sE2 ^pl^0^l i-0) 



-> p*sE 



LIE2 



+1 



P*sE2 



L0E2 



+1 



where to : 5* x — !> S' x A^ is the central fiber. 
We now form a line bundle on A"'^ 

L{£) ^detRpiii.iS (E)p*sB)''^^'> (E)dctRpj^i,{£y^^'^^\ 

Using (12.41) . we obtain canonical isomorphisms 

L{£)(E)L{i;E2)'^ L{p*gE)'^ L{E)(g>Of,i. 

Since canonically L{lqE2) = Of^i{—i''0), where i^' ~ and > is as in (|2.3p . we 
have 

(2.5) L{£) = L{E)®Op,i{v'{)). 

Now let <T : L{E) C be a fixed isomorphism; we fix an isomorphism a : 
L{£) = Of^i. Then restricting the isomorphism (|2.5|) to A^ — 0, for a u G r(C'AO 
that vanishes simply at G A^ we have 



Since £\sxiA^-o) = P*sE\sx{a^-o) and Lq£ = Ei®E2, this proves limt^o ^ • (-B, cr) 
{El (B i?2, o-jo) G a"- . Hence T+-stable but not To-stable objects are all over SJj.. 
For the other direction, suppose {E, cr) G A - A*^* such that 



(2.6) 



limi ■ {E,a) = {El ® E2, 



G A^ 
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Let R — C[t](t), localized at the ideal (t). We let , a) on 5 x Speci? be given 
by the morphism Spec i? — > X that is given by the completion of the morphism 
C* = {t ■ {E,a) I t e C*} — > X. Here the completion exists because of (|2.6p . As 
usual, we denote by ^ and the generic and the closed points of Spec R. By the 
construction of £, we have isomorphism 

(2.7) '■ £\sxi P*sE\sx^ where PS ■ S X Spec R ^ S. 

Thus Hom5xSpcc_R(P5-£', is a non-trivial i?-module. Lett/? G Horn, s x Spec BiPs^j^) 
be such that <^|sx^ = By replacing if by f^ip for some c < 0, we can assume that 
iplsxfo is non-trivial. Namely, for the closed embedding l : S x £_q ^ S x Speci?, 
i*ip : L*£ — El ® E2 ^ E is non-trivial. 

Since (iJ, a) ^ X"^ , since there is a non-trivial Ei (B E2 ^ E and since both Ei 
are ro-stable and E is ro-semistable, E is either an extension of E2 by Ei or vice 
versa. By a parallel discussion as above, E must be an extension of E2 by i?i . This 
proves that X- = X — S+. The same holds for X+. This proves (2). 

Finally, it is direct to check that (3) holds for X, knowing that M± are proper 
and separated. 

We prove the simpleness condition in the next Lemma. □ 

Lemma 2.10. The pair X± C X satisfies the Simpleness Condition. 

Proof. We let f± and g be as in the statement of Simpleness Condition [231 We let 
zq = limt_j,o t ■ f^{£^o), zq S X"" by our construction of We pick an affine etale 
p : U X that covers zq- We let ?7 be a compactification of U. 

We next let pi and p2 be the first and the second projections of Spec R x C*. 
We form the morphism 

F' =p2- (/+ opi) : Speci? X C* ^ X, 

where • denotes the group action. Since the closure of the image of F' in X contains 
Zq , there is an open V C Spec i? x C* such that (Co , c) 6 V for general closed c G C* 
and F'{V') is contained in the image p{U) C X. 

Thus by replacing i? by a finite extension of R, which we still denote by R, we 
can assume that there is an open V C Spec i? x C* so that (^o ,c) G V for general 
closed c e C*; F' lifts to an F : F — >■ f/ so that we have a commutative diagram 

V — ^ U 

(2.8) j L 

Spec i? x C* ^' ) X, 

and limt^o F{{^o,t)) ^ zq £ U with p{zo) = zq. 

We remark that with the new R, the induced morphisms f± : Spec R ^ X 

satisfy the same property, except that the integer a is replaced by its multiple by 

the ramification index of the finite extension. Thus the simpleness condition is 

invariant under finite extensions of R. 

We then let S = Speci? x P^, which contains Speci? x C* via C* = - {0} C 
C P^. Since 5 is a smooth surface, there is a minimal finite set j4o C 5 so that 

F extends to 

Fo:S\Ao^U. 

(We call Aq the indeterminacy locus of Fq.) We let C* act on S by acting trivially 
on Speci? and tautologically on C* (with weight 1). 
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We now partially resolve the indeterminacy of Fq. We let Aq ^ Aq O . We 
blow up S along Aq, obtaining Si, which has an induced C*-action. We let Ai C Si 
be the indeterminacy locus of the extension Fi : Si \ Ai U oi Fq. We then let 
A'l = Ai r\ S'^ , blow up 5*1 along A[ to obtain 5*2, etc. We continue this process 
until we get Sk — s> Sk~i so that the indeterminacy Ak of the extension 

Fk -.SkXAk^U 

has no point fixed by C*. 

We let c G C* be a general closed point and consider the morphism (pi : Spec R — > 
S defined via ipi{^) = c). We let rji := <^i(^o) = (Co, c) G S. Since (^o, c) G F by 
our choice of V, we can assume rji ^ S \Aq. Also since /+(Co) G S+i which is not 
fixed by C*, 771 G S is not fixed by C*. Since Sk is the successive blow-up of Af , 
we can view 771 as an element in Sk- Thus r]i G Sk — S'^ ^ Ak- 

We next let l : Spec K Spec R be the inclusion, and form (i, g) : Spec K — > 
Spec RxC*, where g is given in the statement of the Lemma. We let ip- : Spec R 
Sk be the extension of (t, 5). Since pi : Sk ^ Speci? induced by the first projection 
Pi : S ^ Speci? is proper, ip- exists. We let 77- = f-i^o) G Sk- 

We now find a chain of C*-invariant rational curves that connects r]i and 7y_ 
in Sk- Let tt : 5^ — > S' be the blow-up morphism. Let D = tt~-^{£^q x F^); D is 
connected and is a union of C*-invariant rational curves. As we have argued, rji 
does not lie in the exceptional divisor of tt, thus r]i lies in a unique Bi =F^ C D. 
Since D is connected and since rj^ £ D, we can find a chain of rational curves 
Bi, - ■ - ,Bi so that Qi — BiCi -B^+i 7^ and rj- £ Bi. 

It is easy to describe the group action on Bi. Let 77^, i > 2, be a closed point in 
Bi—Bf . Since 771 is not fixed by C*, we can find e G {1, —1} so that limj^o f^-rji = 
qi- Since the C*-action on Speci? x is via weight and 1 on the two factors, 
since Sk is derived by successively blowing up a collection of C*-fixed points, and 
since Bi is a chain of C*-invariant rational curves, we must have limt_j.o - rji = qi 
for i <l. (We let qi be such that Bf' ~ {qi-i,qi}-) Because 5(C) • f+{0 = ,/-(0 
with g*{t) = a • C and a > 0, we have e > 0. This proves e = 1. 

We claim that Fk\Bx 7^ const. Because f+{£,o) £ and because p{Fk{r]i)) = 
/+(Co), p{Fk{vi)) S Since Fklsi is C*-equivariant, Fklsi 7^ const. This proves 
the claim. 

We let V = F^\U) C Sk. By qi e V C V. In general, if for some 

2 < i < I we know qi^i G V, then Bi O V ^ (I); then we can talk about whether 
Fklsi is constant; if in addition Ffc I is constant, then G V. Thus by an induction 
argument, we see that there is an 2 < m < Z -f 1 so that (1) Fklsi is constant for 
all 2 < i < TO, and i^fc|_B„ is not constant in case m ^ I + I; and (2) Bi C V for 
2<i<m and B„,nV^ 0. 

We now prove item (a) of the simpleness condition. Let to be the integer speci- 
fied. We claim that in case (a), m < I. Suppose not, then Fk{Bi) = Fk{qi) C U for 
all 2 < i < /. Since p is etale, this implies p{Fk{Bi)) C X'^ for the same i; hence 
p{Fk{ri-)) G at"- . But this contradicts p{Fk{r]-)) = /-(Co) and the assumption 
/-(Co) G Therefore, to < I and consequently, i^fc|_B„ is not constant. Since 

B,n n y 7^ 0, we may let rjm G B^ n be a general closed point. 

We claim that p{Fk{r]m)) G Si. By the definition of Ei, p(Ffe (??„)) G Si if 
p{Fk{r]^)) i A^* and limt^ot"' • piFkiVm)) e A^*. Suppose p{Fk{ii^)) G A^*. 
As argued before, po Fk is C*-equivariant (where it is defined), and p etale. Thus 
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p{,Fk ijim)) e implies that i^fe |b„ is constant, a contradiction. For the remaining 
condition, we notice that 

limt^i • p{Fk{rira)) = limp(Ffc(t-i • 77™)) = p{Fk{qm-i)) = Zq £ X^' . 

This proves that p{Fk{rjm)) £ SI. 

Then since both [/_(^o)] and [p{Fk{rim))] e [X_/C*] are speciahzations of 
[/_(^)] = e [^-/C*], by the assumption that [X_/C*] is separated, we 

conclude that 

(2.9) [f-{^^)]^[p{Fk{nm))]^[X-/C*]. 

We prove I = m. For this, we use the properties of the construction of X. 
Suppose I > m. Since Sk is the result of successive blow-ups of C*-fixed points 
of 5 = Speci? X P^, for the rjm G -Bm, there are a finite extension R D R and 
a morphism e : Spec i? — > C* so that e • extends to ip„i : Spec R Sk so 
that '^m(Co) = 'y™- By the property of the C*-actions on the chain Bi, we have 
e*{t) = ■ C with r < and f3 e R invertible. 

Since r]m €L V , p o Fk o (p„j : Spec R X is defined. Let 

/„i := p o Ffc o (p„j : Spec ^ — > X. 

(Let /_ be the composite of Spec R Spec R with /_ ; cf. comments after Defini- 
tion O) Then e • /_ = /,„. 

Let {Ejn, <Tm) and (i?-, (T-) be families on S* x Speci? that are the pull-backs of 
the universal family of X via fm and /_ , respectively. Let t : S* x ^0 — 5 x Spec R 
be the closed embedding. Because e • /_ = fm, the families Em and E^ restricted 
to 5* X ^ are isomorphic; let a : E-\g^^ — > Em\gy^^ be such an isomorphism. By the 
property of the line bundle L(-), a induces an isomomorphism L{a) : L{E_)\^ 

L{Em)\^- 

Recall that am '■ L{Em) — >■ ^spec_R ^- ■ ^i^-) ~^ ^Spcc_R isomorphisms. 
By the construction of the C*-action on X, e • /_ — fm implies that e • cr_ |^ = (Jm I|. 
Therefore, 

(2.10) <Jm\^oL{a) o (a_|^-)-i = g : 0^^,,^ 0^^,,^, 

which is /? • C'' with r < 0. On the other hand, by scaling a by a power of C, say C^, 
we can assume that ■ a extends to an a : E- — >■ Em so that t*a : i*E- i*Em 
is non-trivial. By (|2.9I) . — and they are T_-stable. Thus t*a is an 

isomorphism. Therefore, 5 is an isomorphism and 

is an isomorphism. 

Finally, since L{a) is independent of scaling, 

cr„i||oL(a) o (ct_||)"^ = am\^°L{t'^ ■ a) o ((7„||)"^ = CT™||oi(a) o (ct_||)"^ 

Since the right hand side extends to an invertible element in 7?, it contradicts (|2.10p 
and r < 0. This proves I = m. 

We now finish the proof of (a). Let h : Spec ^ — > C* be given by h*[t) = jS-t^ with 
< 6 < i{R) ■ a. We let (ph ■ Spec _R — > 5*^ be the extension oi h-cpi : Spec K ^ Sk- 
Since g ■ (pi extends to (p^ with "^-(^o) G Sj, < 6 < i{R) ■ a guarantees that 
(pb exists and ipbivo) G B2 U ■ ■ ■ U Bm-i- Since foi 2 < i < m ~ I, Bi C V and 
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Fk{Bi) ^ Fk{qi), p o Fk o ipb is defined and p o Fk o ipb{Bi) = zq e X"^' . Since 
h ■ = p o Fk o [h ■ (fii) : Spec K ^ X , h ■ extends to {h ■ := p o Fk o (pb 

such that {h ■ /+)"'(|o) = zq € X"^' . This proves (a). 

The proof of (b) is similar and we omit it. □ 

2.4. Symmetric obstruction theory. In this subsection, we discuss symmetric 
obstruction theory for simple flips. Let X be a DM-stack acted on by C*. Let 
M = [X/C*] be the quotient stack. 

Definition 2.11. (0) We say the quotient stack M = [X/C*] has a perfect ob- 
struction theory (resp. symmetric obstruction theory) if X has a C*-equivariant 
perfect (resp. symmetric) obstruction theory. 

We recall that as part of the definition, there is a C*-equivariant derived category 
object F' e D^, (CohX), which etale locally is quasi- isomorphic to a two-term 
complex of locally free sheaves, and an arrow F* — > satisfying the requirement 

of perfect obstruction theory or symmetric obstruction theory. (Here L^~^ is the 
truncation of the cotangent complex of X.) 

Remark 2.12. For moduli of stable sheaves, analytic locally we may find a function 
/ such that locally the moduli space and its obstruction theory are given by the 
vanishing of the differential df (cf. [TOj)- We call such functions / local Chern- 
Simons Junctionals of the moduli space. For more general moduli problems like 
stable objects in the derived category local Chern-Simons functionals are not known 
to exist. See [151 Appendix A] for a discussion about the existence of Chern-Simons 
functional. 

Lemma 2.13. Let S be a Calabi-Yau three-fold. Let M± — [X±/<C*] be a simple 
wall crossing in M = [X/C*] of moduli of stable objects in D^{G6hS) (Defini- 
tion\i^ such that Ext'^-^{E,E) = for any E G M. Suppose either X C*- 
equivariantly embeds in a smooth DM-stack, or X has a global tautological family 
arising from X — > Then X has a <C* -equivariant symmetric obstruction theory. 

Proof. Suppose first that we have a tautological object £ £ £'''(Coh(X x S)) induced 
from X — > A^. Let tt : X x X be the projection. Let denote the cotangent 
complex of X and be defined by the distinguished triangle 

h'j^ — > — > Ox , 

where the last arrow is given by the action of C* on X. Taking the duals, we have 
a distinguished triangle 

Ox L^"" l^M^ Ox[l]. 

By the construction in [S] using the Atiyah class, we have a morphism 
R := RTT^,T-lom(£,£)o[l]. Since the C* action on a pair {E,cr) G X fixes E, the 
composition 

Ox -^h'^^ ^R 

is trivial and hence we have an induced morphism — ^ R. On the other hand, 
the functorial assignment E L{E) of Definition 12.61 induces a morphism 

R = RTT,nom{£, £)o[l] — ^ Hom{L{£), L{£))[1] = Ox[l]. 
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Therefore we have a diagram 
Ox 



Ox[l] 



Ox R >Ox[l]- 

Let R' be defined by the distinguished triangle 

Ox^R' ^R^Ox[l\ 
so that we have a commutative diagram of distinguished triangles 

Ox > > I^'m" ^ [1] 



-^Ox[l]. 



Ox[-l] R"^ of the bottom right 
By the Serre duality R"^ = R[l], we 



Ox- 

Note that H~^{R) = Hom.^{£^£)[) injects into Ox because the stabilizer C* of an 
El ®E2 S Ml X M2 acts nontrivially on L{Ei(BE2)- By a simple diagram chase with 
the long exact sequence, we find that the second vertical morphism — !■ R' is an 
obstruction theory of X but it is not perfect since H^{R') = H^{R) = Ext^{£, £)o 
may be non-trivial. 

To remove H^{R'), we take the dual 7^ 
arrow 7 : i? — > Ox [1] of the above diagram 
obtain ^ 

Ox [-2] i?^ [- 1] = i? ^ Ox [1] . 
The composition must vanish by a direct check with Serre pairing. From the distin- 
guished triangle R' ^ R ^ Ox[l], we therefore obtain a morphism Ox [—2] — ?> R' 
Let R" be defined by the distinguished triangle 

Oxh2] -^R' ^ R" Ox[-l\. 

Since H^^{R) = i/oTO^(£,£)o injects into Ox, Ox surjects onto H^{R' 
From the long exact sequence, we find that the composition 

R' R" 



H^iR). 



is a perfect obstruction theory for X. By choosing etale locally a free resolution 
of R" and truncating as in the proof of [HI Lemma 2.10], we can find a two-term 
complex of locally free sheaves representing R" . It is straightforward to see that 
the Serre duality R = R'^[—l] induces an isomorphism i?" = 1] and thus the 

perfect obstruction theory R" is symmetric. This proves the Lemma in 

case a global tautological family exists. 

We next consider the case where X embeds ' 
stack, say Y. Let I be the ideal sheaf of X c 1^. 
Let i^ct y be an affine etale atlas, let Ua ~ Ya xy X X, so that Ua 
has tautological family £a- The homomorphism fix Ox induced by the group 
action on X lifts to ^^u^ ~^ Ojj^. Mimicking the prior argument, we see that Ua 
has a symmetric obstruction theory. By [2], the symmetric obstruction theory is 
given by an almost closed 1-form G T{U,yJ)- In particular, Ua — = 0) and 
the obstruction is given by 



-equivariantly into a smooth DM- 

>-l = [J//2 ^ nY\x]. 



Then 



duj 



Ya,\Ua 
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We remark that if is another choice of almost closed 1-form giving the sym- 
metric obstruction theory, then necessarily — G where la is the ideal 
sheaf of Ua C Yq;. Thus dLLia\ua — ^'a\ua- Consequently, all duja patch to form a 
single complex [Ty|x — > ^^fIx], and the arrows above patch to form a single arrow 

This provides a symmetric obstruction theory oi X. □ 

3. C*-Intrinsic blow-up 

Suppose X has a symmetric obstruction theory, the de facto virtual dimension 
of [X/C*] is —1. This counters our intuition that both M± C [X/C*] should have 
virtual dimension 0. 

As an example, suppose X <Z Y \s a, C*-equivariant embedding in a smooth 
scheme and X = {uj = 0), where cj S r(riy) is C*-invariant. Then the obstruction 
theory of X is given by the complex 

Ox{Ty)^^y\x. 

Suppose C* acts on X without fixed points. Then it induces a homomorphism 

(3.1) T^-.Ox-^OxiTY), 

whose cokernel is the pull-back of the tangent sheaf of X/C*. In principle, we 
expect that the obstruction complex of X/ C* should be the descent to X/ C* of 

cokerjr]} ker{?7^}. 

In this way, the obstruction theory of X/C* remains symmetric. 

This argument breaks down near X"^ , where a in (|3.1|) is not a subline bundle. 
To salvage this argument, we blow up Y along Y^ and work with a "modified total 
transform" of X — the modification is to make the resulting scheme independent 
of the embedding X C Y. We will call such process the C* -intrinsic blow-up of X. 

3.1. C*-Intrinsic blov^r-up. We begin with the easiest case — the formal case. 

The formal case: Let U be a formal C*-afRne scheme such that its fixed locus 
is an afhne scheme, and the set of closed points satisfy Set{U) = Set{U^ ). 

Since is afhne, we can embed it into a smooth affine scheme: C/"' C Vb; 
since Set([/) = Set(t/''' ), we can further find a smooth formal C*-scheme V such 
that the C*-fixed locus V"^* = Vb, Set{V) = Set{Vo) and the embedding U"^' C Vq 
extends to a C*-equivariant embedding U (1 V. 

Let TT : F be the blow-up of V along V^' ; let U ^ U Xy V C V he the 

total transform. Let / C Oy be the ideal sheaf defining U C V, then U is defined 
by the ideal sheaf 

i -.= 71-^1) -Oy. 

We let C be the exceptional divisor of tt; let ^ e T{Oy{E)) be the defining 
equation of E. Since U C V is C*-invariant, / is C*-invariant; thus it admits a 
weight decomposition 1 = 1^ © 7'°'^, where l"^ is the C*-invariant part and I™^ 
consists of nontrivial weight parts of /. Clearly, 7r~^(/™'^) C ^ • Oy{—E) C Oy; 
thus ^-i7r-i(/"^) C Oy{-E). 

We define / C Oy to be the ideal such that 

(3.2) / = the ideal generated by 7r-^(/^*) and ^"V"i(/'"^) • Oy{E). 
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We define 

h\^U C V 

to be the subscheme (of V) defined by the ideal I. 

Lemma 3.1. The scheme bly C/ is independent of the choice of C*-equivariant 
embedding U ^ V . 

Proof. This is a local problem, thus we only need to prove the case where U is local, 
(i.e. U contains only one closed point.) We let r(^y) = A(BM be the decomposition 
into the C* invariant and moving parts; namely A = r{i?v)^ and M = r(^y)™^. 
We let r{ffu) = B®N similarly with B = T{ffuf and N = T{ffu)"'"'- Since V 
is smooth and A is local, without loss of generality we can assume that 

T{ffv)^Aly<4 ,y„], yi, . . . , y,, G r(^v)-\ 

Since U —?' V is a C*-equi variant embedding, we can factor the surjective r(i^y) ^■ 
T{^u) as composition 

T{ffv) = Aly<n] S|y<„] ^ r(^c/) ^ B (B N. 

Here ip„ is induced by the restriction yi ■(/'«( 2/i) G N. 
We next pick a minimal set of generators. Let 

(3.3) m = dimN/{N^,pN). 

We pick ai, • • • , a„i £ r(^y)™'^ such that the homomorphism 

1pm ■ Blx<jnj ■= . ■ • , Xmj > B® >-> tti, 

is a surjective ring homomorphism. We let W — Speci3|a:;<m]. Then defines 
an embedding U C hence an C*-intrinsic blow-up bl^JJ. 
We pick a homomorphism ip (as shown in the diagram) 

Bly<nl B + N 

(3.4) 1^ I 

Blx<^j B + N 

By the the choice of m p.3p . (p is injective. 
We claim that ip induces an isomorphism 

(3.5) <i>{f) : hl^'u ~> hl%U, 

and that it is independent of the choice of ip. 

We first simplify the notation further. We let Oij G i? be so that 

n 

fi^i) = ^o,ijy3 mod (yi, • • • ,?/„)^ 
j=i 

and that the m x m matrix {aij)i<cij<m is invertible. This is possible by the 
minimality of m and possibly after re- indexing the yj, since A is local. Thus 
by replacing yj by f^Xj) for j < to, we can assume fixj) — yj. Under this 
arrangement, we see that if we let 

In := ip-\0) C Bly<4 and X„ V™'(0) C S|a;<„], 

then there are hi G i?|a:<m]™^ such that 

In = ({</'(5)}gei™ U {ym+i — (p{hi)}i <i<.n — in 
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It is easy to describe the C*-intrinsic blow-ups. First, bl*^ U is covered by affines 

i?r:=Speci?b']|C]/(ui-l), = ,<) 

with transitions i?f i?" given by the relation yk — vlC- The other bl*!^?/ is 
covered by affines i?™ — Speci3[u']|^*]/(M- — 1) similarly defined with replaced by 
— {u{, ■ ■ ■ , uly^). To describe the defining equations of i?,™ n bl^C/, we introduce 
the operation of substitution bl^: for g = •••,?;„) S -B|y<n] with 17(0) = 0, we 
define 

bl.(g) :^ (C)-\gKC,--- ,<C)k-=i eiJMICi/K-l). 
The subscheme i?™ H bl^^fJ is then defined by the ideal 

bU(X™) = {{hh{g) : g e !„,}). 

This shows that 

RTnU%U = SpecB[u']ie]/{ul - l,bl,(Z„0); 

similarly for i?^' n U^'U. 

The homomorphism ip{xi) — yi defines a homomorphism 

(3.6) : BKlKi/K - l,bl.(X„)) B[v%CV{vl ~ l,bl,(Z„0) 

via f C and it* -yj. Since - if{hj) e X„, t;;^^^^- - h\,{Lp(h,j)) £ bli(Z„). 

This proves that is surjective. The same argument shows that ^i{(p) is 

injective. Thus it is an isomorphism. 
We next show that 

(3.7) U^'U c R'^U-'-UR'^,,. 

Suppose that there is a closed b e hlyU n {R'^i+j - i?" U • • • U R'^^) . Let [61 , • • • , 6„] 
be the homogeneous coordinates of b. Then b ^ i?" U • • • U implies that hi — 
for i < m. By the relation — h\m+i{'p{hj)) for z > 1, we get b^+i — for all 

i > 1. This is a contradiction. This proves the inclusion p.7p . 

It is obvious that on restricting to Rf Hi?", = (</')• Thus the collection 

{^i{(p)}i<m defines an isomorphism 

(3.8) $(</.) : bl^V hl%U. 

Finally, we show that the isomorphism $((^) is independent of the choice of 
ifi. Notice that this will show that the construction of bly U is independent of 
the choice of the embedding -!/)„. Suppose ip' (in place of (p in (|3.4p ) is another 
homomorphism making the square commutative. We define ^{ip'), similar to that 
of ^i{(p), by sending Xj — u*^* to (^'(a;j)|j,^^^i . Here the subscript yk M- ii^C* 
means to substitute the yk variable in the power series f'{xj) by w^.C*- It is direct 
to check that this defines a homomorphism $i (</?'), like p.6p . 

We claim that for i < m, ^i{ip) — ^i{ip'). Indeed, by the commutativity of (|3.4p . 
there are gi G I„ such that ip{xi) — (p'{xi) = gi. Because 

"f' ^^i)\yk^vic ^ ('^(^») + 9i)\y^,^vic = ™od Cbli(I„), 
we obtain <I>i((/3')(^') ~ $i(<y9)(^*). For the same reason, we have <I>i((/3')(u^) = 
$i((^)(Uj). This proves that ^i{p) = $i((/9'), which implies that the isomorphism 
p.8p is independent of the choice of <p. 

This proves that the bly U is independent of the embedding U <ZV. □ 
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Because hly U is independent of the embedding [/ C in the following we will 
drop V from the notation and denote by bl"' U the C*-intrinsic blow up of U. 

The affine case: Let Y be an afEne scheme, let Yq C Y be a closed subscheme 
and let Y be the formal completion ofY along Yq. We assume Y is a C* -scheme 
so that (Y)'" = Yq as schemes. 

The pair Yq C Y is the pair studied in the formal case. Thus we can form a 
C*-intrinsic blow-up bl'^ Y. We now show that we can glue bl'^ Y with Y — Yq to 
form a C*-intrinsic blow-up of Y. 

We let A = r(Oy), I c A the ideal defining Fq C Y; thus A = Urn A/ J" = 
T{0^). We cover hf'Y by C*-invariant affine Zr, we denote B, = T{OzJ, and 

G Bi the element defining the exceptional divisor of tt^ : — > 1". For each i, we 
glue Y and Zi as follows. Let / = lim///" be the ideal defining Iq C Y. We form 
the localization Aj and {Bi)(^^-y Without loss of generality, we can assume that for 
each i, Af = 

For each i, we form the direct sum module Bi® A and define the ring structure: 
(6, a) • {b',a') = {bb' ,aa'). We then define Bi to be the kernel 

Bi = ker{Bi ®A — > A^}, 

where A ^ Aj is the composite of the tautological A ^ A with the localization ho- 
momorphism; B^ ^ Aj \s the negative of the local homomophism Bi — > {Bi)(^^.^ = 

It is routine to check that SpecB, patch to form a scheme together with a 
morphism 

TT : bl'^V Y- 

it satisfies bl'^V xyY = hft. The scheme bl'^V is the C*-intrinsic blow-up of 
Y along Yq. By the indcpcndcincc on the embedding proved in the formal case, it 
is canonically defined based on the C*-structure of Y. 

The scheme case: Let Yq d Y be as in the previous case except that it is no 
longer assumed to be aiSne. Let Y be the formal completion ofY along Yq. We 
assume Y is a C* -scheme so that {Y)'^ = Yq. 

We cover Y by affine open Yi — )• F; we let Yi^o = ^ Hloi and let Yi be the formal 
completion of Yi along Yi^. Since = F Xy K^, it is a C*-scheme. We let bl''' Yi 
be its C*-intrinsic blow up. For each pair («, j), using that Yi Xy Yj = Yj Xy Y^ as 
C*-schemes, we have a canonical isomorphism bl"' Yi xy Yj — Yj xy Y^. This 
shows that we can patch bl'^ Yi to form a scheme, which we call the C*-intrinsic 
blow-up of Y, and denote by bl''' Y. 

The DM-stack case: We let X be a DM-stack with a C*-action. We assume that 

the multiplication morphism a : <C* x X ^ X is representable. 

We let F be a scheme and F X be an etale morphism. We let Fg —Yxx X"^ , 
and let F be the formal completion of F along Fg. Using that the multiplcation 
morphism a is representable, one checks that the C*-action on F induces a C*- 
action on F such that Y^ = Yq. Therefore, we can form the C*-intrinsic blow-up 
bl^V. 
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This construction is canonical. Let Y' ^ X he another etale chart of X, and let 
bl"' Y' be the C*-intrinsic blow-up of Y' . Then Y x x Y' is etale over X, and has 
its C*-intrinsic blow-up. One checks that bl"' {Y Xx Y') is canonically isomorphic 
to both bl^V XxY' and bl'^V' XxY. 

The C*-intrinsic blow-up bl"" X is the stack that comes with covers bl'' Yi and 
products 

(3.9) hf'Y, x^f^^ hf'Yj = hf'iY, Xx Y^). 

Proposition 3.2. Let X be a C* -equivariant DM-stack as stated, and let Yi ^ X 
he an etale atlas of X . Then the collection bl"' Yi together with the morphisms 
hf\Y, XxYj)^ hfY, and hf'{Y, XxYj) ^ bf'Yj form a DM-stack hf'X with 
a C* -equivariant projection tt : hf" X — ^ X. 

Proof. The proof follows from that the C*-intrinsic blow up construction is canon- 
ical. □ 

We caU TT : hf'x X the C*-intrinsic blow-up of X. 

3.2. Obstruction theory of X— local theory. We now investigate the obstruc- 
tion theory of X near the exceptional divisor of X X. For notational simplicity, 
in the following we let T = C* and call the C*-actions on X and X the T-actions. 
We begin with the local situation. 

The set-up: We let X C Y = Specyl|a;], where Spec^ is smooth and x = 
(xi, • ■ • , Xm), be a closed subscheme in smooth afEne scheme. We let T acts on Y 
so that it acts on A trivially and on Xj via Xj = a^^Xj, Ij ^ 0. We suppose X cY 
is T-invariant and admits a T-equivariant symmetric obstruction theory. 

Because X has a symmetric obstruction theory, by [5], the embedding X C Y 
and its obstruction theory is defined by the vanishing of an almost closed 1-form 

ni 

(3.10) uj ^ a + ^fj dXj e riy, a e ®A A[xj and fj G Alxj. 

(Almost closed means duj\x = 0.) Because the obstruction theory is T-equivariant, 
u! can be chosen to be C*-invariant. If we let Ix be the ideal sheaf of X C Y, then 
the obstruction theory is given by 

(3.11) y:=[V^V^]^L|-i = [/x//i^f^yU], V^TyIx- 

We remark that if oj' is another T-invariant almost closed 1-form defining X CY 
and its symmetric obstruction theory, then necessarily w — w' G ■ fly ■ 

We now turn our attention to the T- intrinsic blow-up X oi X . Since Y is smooth, 
the T- intrinsic blow-up F of y is the usual blow-up of Y along Y^ . Let n : Y Y 
be the projection, let E C Y he the exceptional divisor, and let ^ G r(C'y(£')) be 
the defining equation of E C Y. 

We consider the pull-back 

7f*a; — Tr*a -\- ^* fj dxj G 7f*riy-. 

Since ui is T-invariant and dxi has non-zero weights, fj dxj are regular sections 

in 7f*n?;^(-i?). 

By definition, X C Y is defined by the vanishing of 7T*a and £,~^TT*fj's. To put 
these into a compact form, we introduce ej — TT*dxj, which span the sheaf 7f*ri™^, 
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where £7™^ is the subsheaf of ily spanned by dxj^s. We let = ^Ia (Xia be 
the fixed part, and let V_i be the sheaf whose dual is 

(3.12) Tr*nf' © 7f*17^^(-i?) = ker{7f*rjy — > 7f*(r2?;^)|yT}. 
Then 

(3.13) Q = ra + Y, r'vr*/, • e r(r, V^,). 
This way, X has the form 

(3.14) X = (w = 0) c F; 
its obstruction theory is 

(3.15) := [V„i^^Vo] ^L|-i = Vo^^ylx. 

For future reference, we comment that the complex V' can be constructed di- 
rectly from the complex V' . Let V = Ty\x- Let tt : X ^ X be the projection 
and C X be the exceptional divisor. Let i be the tautological line bundle of the 
exceptional divisor E; namely, tautologically £ C 7r*7Vyr/y. Then 

(3.16) Vo'^lx = ker{7r*V ^ 7r*7VyT/y/£}. 

It is easy to describe the fixed locus and its obstruction theory. Let J\f be 
the normal bundle NyT/y Since Y is smooth, the exceptional divisor E = PA/". To 
each k ^"L^we let Mt^k) be the weight k piece of the T-decomposition of M. Then 

Y^=Y[Y^\ Y^'^=¥N(u)- 

k 

Accordingly, 

(3.17) X^ = ^J?^■^ X^'^^Xf^Y^'\ 

fcez 

The obstruction theory of X'^ , following [8], is given by the invariant part of the 
obstruction theory oi X. To proceed, we reindex the _j indexed by {k,j) 

so that the T-action is t ■ Xk.j — t'^Xkj- Then 

Lo = a+^^ fk,jdxk,j and w = 7f*a + ^ ^"^vf*/^^ • e^j. 

Restricting to F^''^, the T-action on fij (resp. ^) has weight —i (resp. fc), among 
all ^~^'7f*/ij|yr,fc, the T-invariant ones are 

r'^*/-fej|y-^.-, 1 < i < e-fe - dimPAA(_fc)/r^ + 1. 

Therefore, the obstruction theory of X'^^'^ C Y'^''^ is induced by 7r*a|y-T.fc and e_fe 
additional equations. In particular, 

vir. dimX'^^'' = vir. dimX"^ + diniP7V(fe)/F'^ - e_fe = Ck - e-k - 1- 

We get more from this description of the obstruction theory of X"^'^ . The defining 
equations of X'^^'^ C Y^^'' divide into two groups. The first is 

(3.18) cto := 7f*a|y-r,fc — 0. 
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By the construction of Y^''^, ao = T:*a\xij=o e A; it defines FxN'{k) ■— ^J^{k) Xyr 
X^. The second group IS 

(3.19) P^kj r'7r*/-fc,,l?T,. =0, 1 < j < e^k- 

Expanding f-k.j = Tlj^-kj^^ ^ where J is the usual muhi-index convention and 
a:{j, ^ G A, we see that 

l<i<efc 

which involves weight — fc linear (in the x variables) terms in f-k,j- The equations 
P-kj = defines the relative obstruction theory of X'^''^ /FxM{k)- 

We now put this in the form of arrows in the derived category. Let 7r(^,) : X'^'''- ^■ 
Y be the tautological projection. Firstly, the fixed part is 

The obstruction theory of Px-^(k) is 

(3.20) i^'j.) := [{n*fl^y\p^^r^^^ ^YT.k\p^Ar^^^] — > Lp^a/-,^,; 
the relative obstruction theory of X'^^'^ /PxJ^(k) is 

(3.21) E^k)hl] 7r(\)A/-(„fe)(-l) L^T,./p^^^^, . 

(Here the arrows in p.20p and (|3.2ip are defined by ag and P-k,j, respctively.) 

Using the explicit form of the defining equations inducing the arrows defining 
the obstruction theories of X-'"''', PxAf(k) and X^'*' /P x-N'(k)i we have the following 
commutative diagram of distinguished triangles 



-I 



(3.22) 



Finally, we comment that this diagram is independent of the choice of the defining 
equation w. (It seems to depend on the choice of the embedding X C Y .) As argued, 
if ijj' is another almost closed 1-form like cj, then uj — w' € l\ ■ Oy. Since the left 
and the right vertical arrows defined by w only use and /3-fcj , to show that they 
are independent of the choice of w, we only need to show that 

(3.23) ao - ao e (ao)', and for ah j : /3_fc,, - G {{P-KiTiZl? ■ 

Using the explicit forms given after p.lSp and p.l9p . one sees that p.23p is true. 
This shows that p.22p is independent of the choice of w. 

3.3. The virtual normal cone. The defining equation p.l4p also provides a 
canonical embedding of the the normal cone 

(3.24) Cx/Y^Vl,\x. 

The T-action induces a homomorphism Oy Ty; its pull-back Oy — J> tt*Ty 
vanishes simply along E. This gives an injective homomorphism Oy{E) ^ t:*Ty 
and its surjective dual 

(3.25) rny ^Oyi-E). 
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Since p.25|) factors through the moving part of 7r*r2y, using p.l2p . it induces a 
surjective homomorphism 

(3.26) CTiV^i — >Oy{-2E). 
We let 

ker{CT} = ker{CT : V^^ ^ Oy(-2£;)} C V^^i. 

Lemma 3.3. The support of the cone Cxjy (cf. (j3.24l) ] lies in the suhhundle 
ker{a-}|x. 

The proof rehes on the fohowing criterion proved in Lemma 4.5]. Let / be 
the ideal sheaf of X gY . 

Criterion: The support of Cx /y C V^i Ly -'^'•^^ in ker{(T} if the following holds: for 
any closed d & X and (p : Spec fc|u] — > Y with (p{0) = o, (p*{a o Q) ^ t ■ (p*I . 

Let / be the ideal sheaf of X c F; let F = YT=i hx^f^ e T{Y, Oy)- Li the 
following, we denote by ({xi}") the ideal (xi, ■ • • , a;„). 

Lemma 3.4. Let ip : Spec k|i] Y be any morphism. Then 

ip*iF)€t-v*I-i{cp*x^,yi). 

Proof. It suffices to prove the case where A — k|u], u — {ui, ■ • ■ , Um)- 
Let 4'i{t) = Lp*Ui and tpi{t) = (f*Xi\ let a and h be defined by 

(3.27) V*I={n and ({V^.(i)}r) - (i")- 

Then Lp*{F) et-tp*! ■ {{Lp*x,}i) is equivalent to ip*F = hi^i ■ V* fi G (t°+^+^). 
We introduce 

(3.28) $(i,s) ^ (0,(f);^^.(t)e'.«) := ({u,(i, s)}?; {x,(i, s)}^), 
which is a homomorphism k|M, a;] — > k|t, s]. Then 

dxj{t, s) = V'^e'^'' dt + Ij^je^'" ds. 
Using that ui is C*-equivariant, we have (/i)'^ = <J~^^ fi. Thus, 
<^*u = ^*f^ -r^ldt + Y, h^*f^ ■ ds. 

Therefore, 

(3.29) d($*w) {J2 kv*fi ■ V'Ot dtAds= {ip*F)t dt A ds. 

(We use the subscript t to denote same with Xk.) On the other hand, using 
duj = I]j>fc((/j)a;fc " ifk)xj)) dxk A dxj, we obtain 

(3.30) d($*c^) = $*dc^ - ^(**(/j)^. - **(/fe)x,) d^fe(i, s) A dx,(<, s). 

Using p.28p . we calculate 

dxi{t, s) A dxj(t, s) = e^^'^^''>^{ljip[ ■ ipj - hipi ■ -0^) A ds. 
Applying the C*-equivariance, p.30p reduces to 

(3.31) =^((^* (/,),,- (^*(/fe), J (^,0^VJ-^^V'^• Ads. 

3>k 
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Since w is almost closed, {fj)xk — {fk)xj £ I for all j,k. We then use p.27|) to 
conclude that 

Thus equating ((3:29| and ([33T|) . we conclude {ip*F)t G (t^+^^^i). Since ip*F{0) ^ 
0, G Since 6 > 1, this proves ip*F e (^+''+1). This proves the 

Lemma. □ 

Proof of Lemma lKR As before, we only need to prove the case where A — k|u], 
u = (ui, • • • , u,n)- We verify the criterion. Let (p : Speck|t] — >• Y, (p{0) = 5 e X 
be any morphism. We will show that (p*{a o uj) t ■ (p* I. Clearly, we only need to 
check the case where d € E. 

For the moment, we assume that does not factor through E C Y. Since Y is 
the blow-up of Y along xi = ■ ■ ■ = Xm = 0, canonically Y gY x P™~^, and we can 
choose homogeneous coordinates of P™~i so that Y is defined by — = — , for all 
i ^ j. By reordering the indices of Xi, we can assume o G {wi ^ 0}. 

Let if — TT o If : Spec|i] — >■ Y. Like before, we denote (t>i(t) ~ ip*Ui and ipjit) = 
(p*Xj. Since does not factor through E, ipi{t) ^ 0; o G {wi ^ 0} implies that as 
ideals, 

(3.32) {t") ^ {{Mtm) = (Mt)). 
Then, following the definition, we have 

and 

By the definition of a, we also have C <^*/; by Lemma lOl and (|332l) . 

we have 

(3.33) Y.^,ip*x,-ip*f,et{Mt)-t'')- 

This implies (p*{a o Hi) G i • <^*/. 

It remains to verify the case when (f> factors through E C Y. In this case, we 
can find so that (p — (pi G [t^) for a sufficiently large k and t^i does not factors 
through E. Then by what was proved, (p\(a o u)) G t ■ (p\I. Since k is sufficiently 
large, we conclude (p*{a o u)) G i • ^* I- This proves the Lemma. □ 

3.4. The obstruction theory of X— global theory. We begin with the following 
situation. 

We suppose there is an etale affine altas Xa X, and two-term complexes of 
locally free sheaves V* giving the symmetric obstruction theories of Xa. 

(We will ignore the compatibility condition for the moment.) 

We let Ua (resp. X) be the formal completion of Xa (resp. X) along Xa xx X^ 
(resp. X^). Since the T-action on X is representable, each Ua is a T-scheme and 
the tautological J7q — > X is T-equivariant. 

We then pick smooth affine T-schemes Ya and T-equivariant embeddings Ua ~^ 
Ya. We let V* = [V„ ^ V;^] -> L=^_^^ be the pull-back to Ua of V' L^~\ Since 
V' are symmetric obstruction theories, by [2] and that T is reductive, 

there are T-invariant almost closed 1-forms Wq G T{Uy^) so that Ua = {u>a = 0), 
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and for Wa — Ty^ \ there are quasi-isomorphisms that make the foUowing squares 
commutative 



(3.34) 



Here the right vertical arrow is the obstruction theory of Ua induced from cJq = 0. 
By shrinking Xc, and altering the dimensions of Ya if necessary, we can assume the 
(top line) quasi-isomorphism is an isomorphism. 

We let Ua C Ya be the pair of T-intrinsic blow-up of Ua C Yq , let iTa ■ Ua ^ Ua 
be the projection. Following the convention in the previous subsection, we let 
Ea C Ya be the exceptional divisor, let Na = NyT/y^ = VVa|™T and let ia C tt* A^^ 
be the tautological subline bundle. We form 

Wo,a = ker{<W„ ^ «7V„)/C}^ and - ker{<>V^ ^ <(>V^|^|)}^ 

(Note yVo,a — Ty^lij^.) The induced perfect obstruction theory of Ua is given by 

(3.35) [W-i,a ^ Wo,a] ^ 

Using the isomorphisms at the top line of ()3.34p . we can glue p.35p with the 
restriction to Xa — Ea of the top line of p.34p to obtain a new complex with an 
arrow over Xa '■ 

(3.36) V: = [V-i,„ ^ Vo,a] L|;\ 

This arrow gives the induced perfect obstruction theory of Xa ■ 

In order that the collection V' gives the symmetric obstruction theory 

of X, it must satisfy certain compatibility condition. Since the construction of 
the induced perfect obstruction theory on Xa is canonical, its compatibility largely 
follows from the compatibility of V* — >■ For instance, if V* L^"^ are 

restrictions of the symmetric obstruction theory V* = [V ^ V^] — > L^~^ of X, 
then V* constructed in (|3.36l) patch to form a global complex V' on X. However, 
the arrows — > ^"k^^ given in p. 361) may not coincide, the reason being that 
the presentation ^ uses the auxiliary embeddings Ua Ya- 

We comment that this construction yields a 7oca7 symmetric obstruction theory 
to be formulated in j^. 

Proposition 3.5. Let X be a T-equivariant DM-stack with a T-equivariant sym- 
metric obstruction theory. Suppose X has a T-equivariant embedding X ^ Y into 
a smooth DM-stack. Then the T -intrinsic blow-up X has an induced obstruction 
theory. 

Proof. Let X — > y be the T-equivariant embedding into a smooth DM-stack. By 
Lemma 12.131 X has a T-equivariant symmetric obstruction theory 

(3.37) y-[V^V^]^L|-i = [/;f//|-^r!y|x], V = Ty\x. 

We let X C y be the T-intrinsic blow-up of the pair X C F, let tt : X — X be 
the projection, and let E <Z Y be the exceptional divisor. We let V_i and Vq be 
the two locally free sheaves on X given in (|3.12p and (|3.16|1 . 
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We cover X by afRne etale atlas Xa — > X. Let Xa be the C*-intrinsic blow-up. 
Over Xon the pull-back of V-i and Vo are the sheaves V-i,q and Vo,q mentioned 
in ((3:36)) . Let L|~^ be as in (i336| . 

As argued, the arrows in (|3.36l) are independent of the choice of an almost closed 
1-form uja, thus the collection Va patch to form a global complex and an 

arrow 

(3.38) V = [V_i ^ Vo] L|-i = ^ %|^]. 

Also, because the construction is canonical, it is T-equivariant. This proves the 
Lemma. □ 

Let X'^''^ C F^'*-' (c Y'^) be the decomposition of the fixed locus shown in (|3.17p . 
(Because the inclusion AT C y is a global T-embedding, the local constructions 
patch to form a global decomposition.) Let A^(fc) be the weight k component of 
NyT /Yi and let FxA^(fe) = ^N^i^) Xyr X^ be as defined in the previous subsection. 
We form complex F*^^ and sheaf , as in (|3.20p and p.2ip . By the remark after 
the diagram (|3.22p . we have the following Lemma. 

Lemma 3.6. The constructions preceding (I3.22p patch to give an obstruction theory 
0/ PxAf(fe) and a relative obstruction theory of X'^'*' /VxX^j^y They fit into the 
commutative diagram of distinguished triangles shown in p.22p . 

By Lemma l3.3i we obtain the following. 

Corollary 3.7. Let the situation be as in Provosition \3.5\ Then the virtual normal 
cone C'x C V^i of X lies entirely in the kernel ofV^i — > Ox{—2E). 

4. The master space 
In this section we define the master space of a simple flip 

M± = [a:±/c*] <zm^ [x/c*] 

and prove that it is a proper separated DM-stack. We also define and study the 
master space of the C*-intrinsic blow-up X. This master space will be the main 
tool for our wall crossing formula in the subsequent section. 

4.1. Master space. Let M± = [^±/T] C be the simple flip defined in Defini- 
tion [2?2l We consider X x with the T-action 

a ■ {w, [sq, Si]) ^ {a ■w,[a ■ Sq, si]). 

We pick a T-invariant open subset 

(X X ¥^Y = a: X pi - S_ X {0} - E+ X {00}, 

where — [0, 1] and 00 — [1,0]; we then form the quotient 

(4.1) z = {x X Fi)7r. 

Obviously, (AT x P^)'' contains both X+ x {0} and X^ x {00} as closed substacks. 

Definition 4.1. We call Z the master space for A4. 

We will see below that Z is a proper separated C*-equivariant DM-stack. 

Example 4.2. For the X in Example 1 2. 5 ( the master space Z is simply the blow-up 
of VV along ¥V+UPV-. 
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We intend to show that the master space Z is proper. In the discussion below, 
we will use R to denote a discrete valuation ring over C with fractional field K\ 
denote by C its uniformizing parameter, and denote by ^ and its generic and 
closed points. Also, for an / : Spec K ^ X and g : Spec K ^ T,we denote by g ■ / 
the composite 

SpecR'-^T X X — >X, 
where the second arrow is the group action morphism. 

Lemma 4.3. The master space Z is a proper separated DM-stack. 

Proof. Let Z = {X xF^y so that Z = [Z/T]. It is direct to check that the stabilizer 
of any closed z € Z is finite. Also, all T-orbits of Z are closed orbits. Thus Z is a 
separated DM-stack. 

It remains to prove that Z is proper. Let i? be a discrete valuation ring over C 
with field of fractions K, and let / : Specif — t- -E be a morphism. We need to show 
that after a finite extension R Z) R with K its field of fractions, there is a morphism 
g : Spec ^ T so that g ■ f : Spec K ^ Z extends to {g ■ : Spec R^ Z. 

First, note that Z decomposes into the disjoint union 

Z = X T U X T U X T U A+ X {0} U A_ X {oo} UX^ xT. 
Using Z C AT X P^, we can write 

/ = (/i,/2):Specif ^Axpi. 

Let f and be the generic and closed point of Spec R. 

We first consider the case f{£_) e A+ x {0}. Since by assumption the quotient 
[X+ X {0}/T] [X+/T] = M+ is proper, the extension {g ■ f^ does exist. The 
case /(^) e A_ x {oo} is similar. For the same reason, if /(^) G X'^ x T, because 
A^ is proper, the extension also exists. 

We now suppose /(^) G Xq x T. Because M+ = [A+/T] is proper, after a finite 
extension R of R, we can find a morphism g+ : Spec AT — s> T so that g+-f'. Spec K — > 
An xT extends to {g+-fY^ : Spec R A+ xP^. By the same reason, after replacing 
i? by a finite extension, still denoted by i?, we can find g- : Spec AT — >■ T so that 
5_ • / extends to (g_ • ff'' : SpecR ^ X_ xF\ Let g^j^ and : Spec^ 
be the extensions of g+ and In case g'^^{(,o) co or 5"i^(^o) 7^ 0, then either 
{g+-fy^ or [g^- fY^ maps to Z and we are done. Suppose not. Let g : Spec K ^ T 
be defined via g+ ■ g — .g-, which gives g ■ {g+ • /) — g- ■ f ■ Because g+^(Co) = oo or 
5l^(^o) = 0, we must have g*{t) = a - C,"" with a > 0. Therefore by LemmaHTTU] (a), 
after possibly another finite extension R C R, we can find g' : Spec A' T such 
that {g')*{t) = C' with < a' < a and that {g' ■ g+ ■ /)'=^(Co) G A^ x T C Z. 

Finally, we consider the case / : Spec A' — > x T. (The case to x T is 
similar.) Since C X^ is closed and [A_|_/r] is proper, [S^/T] is proper. Thus 
there is a. g : Spec K — > T, for a finite extension R D R, such that g ■ f extends to 
{g-fy-^ : Spec^ xPi. Incase (g-fY'^iio) G S^xC, we are done. Otherwise, 

{g ■ f)*{t) ^ a ■ C with a < 0. Then we let g' : Spec AT T be so that g'*{t) = a. 
By Lemma [2.101 (b), possibly after passing through a new finite extension R, the 
extension {g' ■ fY^ : Spec .A — E+ x T exists. This settles the case. 

Combining these, we conclude that the quotient [Z/T] is a proper separated 
DM-stack. □ 
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Let H = C* act on X x by 

{w, [ao,ai]Y = (w, [ao,tai]). 

Obviously the action of H commutes with the action of T on X x and hence Z 
admits an induced action of H. The following lemma is straightforward. 

Lemma 4.4. The H -fixed point substack C Z is the disjoint union of 

M+=X+/T, M_^X_/T, and . 

For the obstruction theory, we have 

Lemma 4.5. If the quotient stack A4 = [X/T] admits a perfect obstruction theory, 
then the master space Z has an induced H-equivariant perfect obstruction theory. 

Proof. By definition, X comes with a T-equivariant perfect obstruction theory. The 
perfect obstruction theory of X lifts to a T x iJ-equivariant perfect obstruction 
theory of X x P^, which restricts to the open substack {X x P^)^. Since T acts with 
only finite stabilizers, the quotient Z, as we saw earlier for M±, has an induced 
i?-equivariant perfect obstruction theory. This proves the lemma. □ 

It follows from the proof that vir. dimZ = vir. dimX = vir. dimM-t = 0. 

4.2. Master space for X. By the same construction as above, we can define the 
master space Z for the C* -intrinsic blow-up X. We will show that M± is a subset 
of the fixed points of X. 

Consider X xF^ with T-action 

{w, [so, si]y = {w"^, [a ■ So, si]) 

and let 

{X X F^y := X x pi - (E^ UE)x {0} - (E+ U E) x {oo} 

where E is the inverse image of X^ in X. The master space Z is defined as the 
quotient of the open stack {X x P^)^ by the action of T. The same argument 
as in the proof of Lemma 14.31 proves that Z is a proper separated DM-stack. By 
construction, Z has a partition 

Z = XUM+UM., 

where X is identified with the quotient of X x (P^ — {0, oo}) by T. 

The action of = C* on X x P^ by {w, [ao,ai]y — {w, [ao,cr ■ ai]) induces an 
i/-action on Z. It is straightforward to check that the _ff-fixed point set in Z is the 
(disjoint) union 

(4.2) Z" ^X^U M+ U M- . 

When A4 = [X/T] is equipped with a symmetric obstruction theory. Proposition 
13.51 gives us a perfect obstruction theory of X of virtual dimension 0. By pulling 
back this obstruction theory, {X x F^y is equipped with a perfect obstruction 
theory of virtual dimension 1; it then induces a perfect obstruction theory on the 
master space Z of virtual dimension 0. 
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5. A WALL CROSSING FORMULA FOR SYMMETRIC OBSTRUCTION THEORIES 

In this section, we prove a wall crossing formula for simple flips with symmetric 
obstruction theory. Let M± = [-'^i/T] C Al be a simple flip. We assume that X 
embeds T-equivariantly in a smooth DM-stack Y. 

We consider the projections 

We use the notation of Proposition 13.51 and Corollary 13.71 The pull-back qt V' 
descends to the quotient stack Z; we denote the descent by [V^i — s- %]. Similarly, 
q-Ox{—2E) descends to an invertible sheaf on Z, denoted by 0^{—2E). 

Let Cz C be the virtual normal cone cycle of Z, where by abuse of notation 
we denote by also the vector bundle associated to . By Corollary 13.71 the 
cycle lies in the kernel bundle 

r\„d = ker{r\^0^(-2^)}. 
We let [ZY'' = O^vJC^] and [Z]™ = O'^v^ JC^], as i/-equivariant cycles. Thus 

[zr = nci(0^(-2^)). 

Applying the virtual localization theorem [8J to Z, and using (|4.2p . we obtain 

rv-Tlvir 

(5.1) [^]™ = - [M+v" [M^r-- 

After dividing both sides by ci(0x(— 2£')), we obtain 

where t G A^, (pt) is the standard generator of AJ. (pt). Taking the residue att — 0, 
the left hand side vanishes because [ZjJf^Jij, as an equivariant class, has no negative 
degree terms in t. We thus obtain 

r -v-Tlvir 

(5.2) deg[A.f,]- - deg[M_]v'^ . res.^o ,(^^..l^o,i-2E)y 

To proceed, we need a description of the cycle [X^]^"'. We keep the notation 
introduced after p.l6p . Namely, TV = NyT/y, A/'(fc) is the weight k piece of A/", 
y^^'^ = PA/-(fc), and X^ = Ufc^o ^here X^''' = Y^^^ n A. 

As argued in 8 , the obstruction theory of X^ is given by [V V^]"^ ^x^^ 
and has virtual dimension zero. Thus 

r 

(5.3) [A^]™- = a, e Q, p, e X^ closed. 

i=l 



Let TTffe) : PA/(fe) — )• Y'^ be the projection. 



^For p g X^, we let 

H^{p)j = weight j part of the T-decomposition of H^{V'\p); 
we let = dim H^(p)j and let Sj{p) = i°{p) - t\^{p) - 1. We also let 

P'5j(p)H''(p)j C fH°{p)j 
be a dimension <5j (p) linear subspace; it is the empty set when Sj (p) < 0. 
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Lemma 5.1. With the above notation, we have 

l<i<r, k=iO 

Proof. Using diagram p. 221) and the explicit form E(j;^ — ■7f^^.j7V(_j,')(— l)|jfT,fc, ap- 
plying the main result in |12) . we obtain 

k^O k=iO 

For [PxJ^{k)V" , we notice that the obstruction theory of PxJ^{k) is given by p.20p . 
and the arrow is given by ao in p.lSp . Thus using (|5.3p . we obtain 

[PxA/'(fc)]™- E a^■[FxM(^k)XxP^]■ 

l<i<r 

This proves the Lemma. □ 

We now prove our main theorem. 

Theorem 5.2. Let the situation be as in Theorem ] 1.1[ Let [X'^]™ = Y^l^iCLi\pi]; 
let Ui j be the dimension of the weight j part of the tangent space Tx^p^ and rii = 
riij . Then 

deg[M+]^'^ - deg[M_]^'^ = E«' ' E — )• 

Proof. By Lemma lOl and (|5.2p . it suffices to show that for any closed point p € X'^, 

where nj is the dimension of the weight j part Vj of the Zariski tangent space of 
X at p and n = j^^o ■ 

For this purpose, we may assume X"^ is a point p, and Y be so that NyT /yip is 
the moving part of TpX. Let V — (Sj^^oVj with p identified with 0. Then 

on FV and (|5.4p is equivalent to 



^iv-, e(^™|py.)ci(0^(-2^)|pvj 
Let C G A^{FV.j) be the generator of 74*(Py,) satisfying j^^^ C"^-i = 1. Then 

ci{Oz{-2E)\rv,) = 2{-jt + 0. 

Furthermore, we have 

e{T:*ny{~E)\rv,) = - + 0"', e{V^,{l)Wv,) = C"- ■ 

The normal bundle of FVj has Euler class 
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Therefore we have 

ie(y\-(l)) 



E 



rv, e{N-^^\rv,)ci{Oz{-2E)\pv,) 



PV-, 



E 

i 



2{-jt + out - c) a^,,o((* - j> + c)"- 
pv, 2(j-f)2n.^o,,(*-j + f)"' 



— « — J + .X \ 1 



— z + z \ 1 



i + z J 2z^' 

= (-ir-^ET- 

This proves the theorem. □ 

For example, if there are only two weight spaces of weights 1 and —1 respectively, 
then the wall crossing is 

(-1)"++"-! • (n+ - n_) • deg[X^]™, 

where n_|_ and n_ are the dimensions of the positive and negative weight spaces 
respectively, of the moving part of the Zariski tangent space. 

In the situation of simple wall crossing (Definition 12. ip in £'''(CohS') for S a 
Calabi-Yau 3- fold, we obtain the wall crossing formula formulated in Corollarv ll.3l 

Proof of Corollary \1.3[ We use the notation of tj2.3l The automorphism group of 
a point in X lying over Ei © E2 with Ei e Mi and E2 € M2 is with v in 
Hence 



[X^] = - [Ml]™ X 



From the definition of the C*-action on X, the nontrivial weights on the Zariski 
tangent space are ^ on Ext^{E2,Ei) and — ^ on Ext^{Ei, E2) respectively. In the 
formula of Theorem l5.2l the weights ±-i that go in the denominator cancel out the 
size of the automorphism group v. Thus we obtain the corollary. □ 

Remark 5.3. In a subsequent paper, we will generalize our wall crossing formula 
to the case A4± C [X/G] where G is any complex reductive group acting on the 
semistable part X of a projective scheme. 
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Appendix A. Simple wall crossing for perfect obstruction theories 

In this section, we prove a virtual analogue of a wall crossing formula for C*-flips. 

Since C* acts on X± with finite stabilizers, a C*-equivariant perfect obstruc- 
tion theory of X induces a perfect obstruction theory of M±. Let [M±]^"' be the 
associated virtual fundamental cycle [U [13] . 

Definition A.l. Suppose M± C M are proper simple flips. Let d be their virtual 
dimension and a £ A^*(A) be an equivariant cohomology class. Then the wall 
crossing term of a is defined as 

where a± G A'^{M±) are the classes induced by restricting a to X± and applying 
the isomorphisms A^,{X±) = A*{M±). 

Theorem A. 2. Let AI± be simple flips in the quotient stack A4 = [X/C*] that 
has a perfect obstruction theory. Suppose X embeds C* -equivariantly into a smooth 
DM-stack. Then for a G A^.t{X), the wall crossing is given by 

i \ t / 

where Xi are connected components of X^ and N™ are the C* -equivariant virtual 
normal bundles of Xi in X. 

Here the residue operator res = rest=o is taken after expanding the right hand 
side as a Laurent series in t, where t is the generator of A^, {pt). 

Let t G A]^,{pt) be the generator of the iJ-equivariant Chow ring A^. (pt). Let 
a e A'ip{X). Let a± G A'''{M±) be the classes induced by restricting a to X± 
and applying the isomorphisms A'^{X±) = A*{M±). Let a G A'^{Z) be the class 
induced by pulling back a to {X x P'^)'' and applying the isomorphism 

A*t{{X y.¥y)= A*{Z). 

Let ai be the restriction of a to the fixed point component Xi . Then the restrictions 
of ta to the fixed point set M± and Xi coincide with ta± and tai. 
We apply the virtual localization theorem |8] to obtain the following. 

Lemma A. 3. Let X be a DM-stack equipped with a C* -equivariant perfect ob- 
struction theory and X embeds <C* -equivariantly into a smooth DM-stack. Then we 
have 

r V 1 vir 

[^]™ = E + [^^+]™V(-i) + [M_]™/t. 

Here Xi are the connected components of the T- fixed locus X'^ of X , and iV"'' 
denotes the virtual normal bundle of Xi in X . Note that if X satisfies the virtual 
localization requirement, so does Z by construction. 

Wc pair the homology class [Z]^"' with ta G A'j^^{Z) and then take the degree 
zero part in t. Since [Z]^"' G A^^^{Z) has only terms of nonnegative degrees in t, 

deg(te • [Zy'") = 0. 
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Therefore, upon moving the terms for M± to the left hand side, we obtain the 
desired wall crossing formula: 

, r "V" 1 vir , 
i V z / 

This completes the proof of Theorem IA.2I 
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